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ABSTRACT. Kotzig and Rosa [17] defined a magic labeling 1 on a graph G to be a bijective mapping that
assigns the integers from 1 to p+q to all the vertices and edges such that the sums of the labels on an edge
and its two endpoints is constant for each edge. Ringel and Llado [20] redefined this type of labeling as
edge-magic. Recently, Enomoto et al. [6] introduced the name super edge-magic for magic labelings
defined by Kotzig and Rosa, with an additional property that the vertices receive the smallest labels. That

is, \(V (G)) = {1,2,3,....p}.

If the domain of a labeling A is the set of all vertices and edges of the graph G, then such labeling is called
total labeling. The labelings which we study in this paper, have another property that, the weight w(xy) V
xy € E(G), calculated as;, w(xy) = A(x) + A(y) + A(xy), is equal to a fixed constant k, called the magic
constant or sometimes the valence of A. A graph is called super edge-magic total (SEMT) if it admits a
super edge-magic total labeling. In this paper, we construct new families of trees (using w-trees [15]),
referred as reflexive w-trees and prove that they are super edge magic total. It is a classical problem to
construct new classes of super edge magic total graphs using old ones.

Keywords: super edge magic total labeling, w-trees, reflexive w-trees.

INTRODUCTION AND PRELIMINARY RESULTS

Let G(V,E) be a finite, simple and undirected graph with |V
(G)| = p and |E(G)| = q. Kotzig and Rosa [17] defined a
magic labeling 1 on a graph G to be a bijective mapping that
assigns the integers from / to p+g to all the vertices and
edges such that the sums of the labels on an edge and its two
endpoints is constant for each edge. Ringel and Llado [20]
redefined this type of labeling as edge-magic. Recently,
Enomoto et al. [6] introduced the name super edge-magic for
magic labelings defined by Kotzig and Rosa, with an
additional property that the vertices receive the smallest
labels. That is, A(V (G)) = {1,2,3,....p}.

If the domain of a labeling A is the set of all vertices and
edges of the graph G, then such labeling is called total
labeling. The labelings which we study in this paper, have
another property that, the weight w((xy) V xy € E(G),
calculated as; w(xy) = A(x) + A(y) + A(xy), is equal to a fixed
constant k, called the magic constant or sometimes the
valence of A. A graph is called super edge-magic total
(SEMT) if it admits a super edge-magic total labeling. Some
labelings have only the vertex-set (edge-set) as their domain,
such labelings are called vertex-labelings (edge-labelings).
Other domains for the labeling A are also possible. There are
many types of graph labelings, for example, harmonius,
cordial, graceful, equitable, multilevel, distance, antimagic,
etc.

A number of classification problems on SEMT labelings of
connected graphs have been investigated. Figueroa-Centeno
et al. [8] proved the following:

» If G is a bipartite or tripartite (super) edge-magic graph,
then nG is (super) edge-magic when 7 is odd.

* If m is a multiple of n + /, then K ,, UK ; , is super edge-
magic.

* K; , UK, , is super edge-magic if and only if n is a

multiple of 3.

* P, UK, is super edge-magic when m > 4.

* 2P, is super edge-magic if and only if # is not 2 or 3.

* K;m U2nK; is super edge-magic for all m and n.

Figueroa-Centeno et al. [11] conjectured that C,, U C, is

super edge-magic if and only if m+n > 9 and m+n is odd.

Baskoro and Ngurah [5] showed that nP; is super edge-

magic for n > 4 and n even. Lee and Kong [18] use the

notation St(a; ,a; ,...,a, ) to denote the disjoint union of the n

stars St(a;), St(ay), ..., St(a,) of order a;+1, a,*1, ..., a,*+1,

respectively. They proved the following graphs to be super

edge-magic:

o St(m,n) where n = 0 mod (m + 1).

o St(1,1,n), St(1,2,n), St(1,n,n),

St(2,3,n),St(1,1,2,n) forn > 2.

Lee and Kong in the same paper, conjectured that St(a;, a,,
., a,) is super edge-magic when n(> 1) is odd. It is known

that if a graph G(p,q) is super edge-magic, then ¢ <2p — 3

[6]. This bound can be improved for bipartite graphs of order

p =>4, t0 be g < 2p—5 [19]. For more results concerning

edge-magic total labelings, see [4,9,10] and a complete

Gallian’s survey paper [12]. Javaid et al. [15] studied the

SEMT labeling of w-graph (W(n)) and w-tree (WT1(n,k)).

They defined a w-graph W(n) to be a graph obtained by

amalgamating a vertex from two stars 2St(n + 3).

In the proofs of the upcoming theorems, the summation of

St(2,2,n),

0

type E f; will be considered as 0. The theorems in this
i=1

paper are proved using the lemma proposed by Figueroa et

al. [7], stated below.
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Fig. 1. W(n)

Lemma 1. A (p,q) graph G is super edge-magic total if and
only if there exists a bijection A - V (G) — {1,2,~- ,p} such
that the set of edge weights S = {A(x) + A(y) | xy B E(G)}
consists of g consecutive integers. In such a case, 4 extends
to a super edge-magic total labeling of G with magic
constant k = p + g + s, where s = min(S) and
S={k—-@p+Dk—p+2),k—(p+3),...k—(p+tqg)

2 MAIN RESULTS

In this section, we will study super edge magic total (SEMT)
labeling of reflexive w-trees which are constructed from the
generalized w-graphs defined below.

Definition 1. A generalized w-graph W(nl,‘j,r), for
1<j<r and reZ", is a graph obtained from a

sequence of 7 stars, each of order n; j+2, by

amalgamating a single vertex of the J " star with a vertex
of the (j+1)" -star, for 1< j <7 -1.

Definition 2. A reflexive w-graph RW (m;n, .;r;), for

i,j?

1<i<2 and 1< j <7, is a graph obtained by joining two

2 2 2 2 = =
D21 Xy Ko L xmmbzz oy xee
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copies of generalized w-graph W (n, ;,r), with a path

Yi5Vose++s Vo by adding the edges ¢,,¥, and C,,),
(see Figure 2).

In the first theorem, we prove that the reflexive w-graphs
admit super edge magic total labelig.

Theorem 1. The graph G =RW (m;n, ;r,), for
1<i<2,1<j<r and m,n

magic total.
Proof. The graph G = RW (m;n, ;;1,), for 1 <i < 2,

r.eZ", is super edge-

i,jo"i

2 i
1< j<r,isof order ZZI’IU +2(#; +r,)+ m, and size
i=1 j=1
2 i
ZZnij +2(7 +1,)+m—1. The vertex set of

i=1 j=1

RVT;(m;n[J;r[) is defined as:
V(G)=1b,,:1<i<21<j<r+1}Ufe,,
1<i<2,1<j<r)

Ufxl, i 1<1<2,1<i<p1<t<n,}

Uy, :1<i<m-2}.

Figure 2: RW(m;nl.’j;rl.),for 1<i<2,1<j<r
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{ZznkﬂL'— —|+r1 +r,+4, Zans

The edge set of G is defined as:

— / .

E(G)={0¢115 VpaCo VX € k=151 =1 s=1

<[/<L <i< <t< m—2
1</<2,1<i<r,1<t<nm,} r —|+r1+r2+5,

u{b y U,bl’jﬂci’j 1<i<21<j<r}
Yy 1<i<m =35, 2ZZ%+3(71+6)+|_ —|+m+2}
We define the labeling of RW (m;n, ;;7;) by the function k=1 5=1

- i So, by Lemma 1, the labeling f admits super edge magic
7V(G)—>{1.2,, Zznlj +2(r + 1))+ m} total labeling, where the magic constant in this case is
i=1 j=1
in two cases depending upon the order m —2 of the path 3;2nk +5(r; +13) +r —|+2m +3.
Y; as follows: Case 2: When m is even.
Case 1: When m is odd.
-+l oo 4 fb,)= (an + Zn” +rAr +m=3)i-1)+
(sz) ( anr—kﬂ)(z l)+(r —|+Z”1,k + k=l
k=1 . n-Jj+l

— . . n+2+(=D"j+( Z”l,rl—k+1)(2_i)a
an,,( ~D(Ei-D)+(=1) j+r +2, =
k=1 for
for 1<i<2,1<j<r+1.
1<i<2,1<j<r+1.

1= Sfe;)= ankJr( )+( D' j++r+1)

ACHE ZZnM T+2n+rz+(L—J D Q=i+ +1),
(i=1)+(=1) j+3, for 1ISi<2,1<j<r.

n —i+l

S(x) = znlr e (2— l)+(zn1k+zn2k

A +m =)=+ G+t)+7+2,
1<1<2,1<i<r, 1<t <n,.

for ISi<2,1<j<r

)= (Zn1k+2n2k+F 274 m) -1+

r171+1 2
(D1, a1+ 202 =D+ (D) (t+) FGa) =Yy 4 +i+ L o1 <i< (P52
k=1 k=1

for

1<1<2,1<i<r,1<t<n,. f()= Zn1k+( 2) 42 +ry it ],

il

) =D, +r+1+i, for 1<i <[

—2 .

m
k=1 for 1<i<( ).
f( y21) Zzn ks .|_|_ —|-|- 2r +r, +i+2, The edge weights under this labeling scheme constitute a
g sequence of
_ m=2 2 J
for 1<i<| ™ 5 i} ZZHU +2(1, +1r,)+m—1 consecutive integers

i=1 j=1

{ank+( )+r1+r2+3 ank+

k=1

The edge weights under this labeling scheme forms a

2
sequence of ZZnU +2(r;+r)+m—1 number of
i=1 =1

consecutive integers (m —

)+r +r, +3,
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22n1k+2n2k+3(r1+r2)+( )+m+l}
Hence by Lemma 1, the labeling f can be extended to the

super edge-magic total labeling, with magic constant in this
case

3Zn1k +2Zn2k +5(7 +r2)+(

ow, we deﬁne a graph constructed by k copies of the
reflexive w-graph, and we will prove in the next theorem
that this graph is also super edge magic total.

)+2m+2

Definition 3. The reflexive w-tree RT (m;n, .;r.;k), for

1<i<2k,1<j<r, is a graph obtained by joining k

,]a ,9

isomorphic copies of RW (m;n, .;r;) with new vertices

lj’ 1
a,(1<i<k-1) by adding the edges abz,r o (or
¢y, ) and aib2z+lr n for 1<i<k-1.
Theorem 2. The graph G = RT(m;n, ;r;;k), for
1<i<2k,1<j<r, and m n,j,rl,keZ is super
edge-magic total.
Proof. The vertex and edge sets of G = RT (m;n, ;;7,;k)

are defined as follows:

V(G)=1b,, 1<i<2k 1< j<r+1}Udc,  :
1<i<2k1< <}y

{a, 1<i<k-1}U {yl:1<i<m-2,1<[<k}U
{x,:1<I1<2k1<i<nl1<t<n}.
E(G)=1{b, ¢, ;»b; ;.\, 1<i<2k1< j<r}u
{x/,c, 1<I<2k1<i<r1<t<m}uU
{ylyl+1’y102111’ym Gy 1ST<m=3,1<I< kU
{ab,,,, ab 1<i<k-1,

2i+l+1’ i 211 +1’

{aibzmﬂrzmﬂ,aiczl.m A<i<k-1, for m= O(m0d2)}.f(xi2tl)

The graph G is of order

2k i

>, +Z(2r +1)+k(m—1)-1,
=l j=1
and size

2k i

Zanj+Z(27+1)+k(m 1)-2.

=1 j=1 i=1

We define the labeling of RT (m;n, .;7;;k)

i,jolio

Sci.Int (Lahore),26(2),537-545,2014

2k i

VG —>1{12,3>n, +Z(2r+1)+k(m -1}

i=1 j=1
in two cases depending upon the order m — 2 of the path
Y; in the graph, as follows
Case 1: When m is odd.

lj+r21 2i-2 g
Sy )= Z Myict 1otry, l"'ZZ”n"‘Z(’”"‘I)
s=1 t=1
+r2i—1+|— —|(i—1)—j+2,

for 1<i<k,I<j<r,  +1

2i-1 T 2i-1

by, )= ZZn”+Z(r+1)+2n2,,+zF

s=1 t=1
forlSszlS]Sr2.+l.

214,

2k s
fleya,)= ZZnH+Z(r +1)+Zr +kr
s=1 t=1
+ (-2 J+r2, — j+i,
forlSlSk,
I<j<n,,.
2k s
fley,)= zzn”-‘r-Z(l" +1)+Zr+
s=1 t=1
m-—2
Kl 5 —|+|_ J+J+z—1
forlSlSk,lS]Srzi.
20-2 Ty 20-2 I=i+ry; 4

2 1) zzn”+2(r +1)+ z M1 1etiry,

s=1 t=1

T+r2H—i—t+l,

+((-D2

or m=1(mod2)} L
f ( )}for1<l<k1<l<r2,11<t<n2,1

201 7y 201

DD, +Z(r +1)+lf—1+2n2“ +i+t,

s=1 =1

for1Sl£k,1£l£7’2,,13f3n21,i'

2k Ty 2k
f(a,)= ZZn”Jrkf LLZ(”:H)”L
s=1 t=1 t=1
Zr +i 2 _2J+z
forlSlSk—l
2[1}” 21-1

f(J/2z )= Zz st

s=1 t=1
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forlslsk,lsisfm_zT.

2k g

f(yzz) Z

s=1 t=1

S,t

(1—1)L J+z+z—1

for 1<I<k, 1<i<| =2

The edge weights under this labeling scheme forms a

sequence  of f‘Zn S+ Z(Zr +D)+k(m—-1)-2
number of consecutivlejlnltegers
{zzk:Zn + Z(r +1)+ kF—W 2,
2; l’t 1
ZZnS,+Z(r +1)+kr 2743,
s=1 t=1
2Zinst+32r + 12 —|+km+3k—1}

s=1 t=1
Hence by Lemma 1,the labehng scheme f can be extended
to the super edge-magic total labeling of the graph
RT (m;n,

2k T

st r;; k) with magic constant

322}1 . +52r +kr 27 2k + 4k —1.
s=1 t=1
Case 2: When m is even.
—j+121 i1 T
b, 1, Z it tr, l"'zznzc 14 +Z(’Ez 1)
s=1 t=1

)+r21 +2 ,]5

+ Zrz, +(i-n”

forlSlSk IS]S7’2;1+1.

i-1 7
21,) 2%3t+zzn23t+2(’/'2t 1+1)+Z’3t +zr21 1

s=1 t=1 s=1 =1

+ Z(Vzl +1)+ anl, +iZ

forlSlSk IS]£r2.+l.

)+z+] 1,

i-1 T

ey 1,) Zznzc 1t +zznzu +27’2, +Zr21 1

s=1 t=1 s=1 t=1

+Z(r2, 1+1)+Z(r2t )+ (ke +i-1)

)+l—
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for 1Si<k,1<j<n,,,

f(czz,) Zzn2s 1 +Z(”2z D+ - 1)(

s=1 t=1
for 1<i<k1<j<r,.

»
2l 1) Zinh 1t+

s=1 t=1

)+J,

1- l+r21 1

z M1t 1ok, +Z(”2z 1)

t+2,

+ Zr2t (-

mrISlSkJSISQFUIStSny4w

zznk 1;+Z(7”2t 1+1)+zr21+zr2t 1+zn21t

s=1 t=1

)"'7”211 —i-

1+z+t+l 1,

+(z+k)r

for1SlSk,lSiSFZH,lStSnZHi.

fla)= Zanb 1,+22n2”+2(r2t l+1)+Z(r2,+1)

s=1t=1 s=1 t=1

)+l

+ Z’”zz + Zer L+ k)(

forl<l<k—1

f(J’m D= ZZ”ZS 1t +Z(’”2z 1+1)+zr21

s=1 t=1

+(l—l)(

)+i,

for 1</<k1<i<(Z

).

-1 Ty

f()bz) Zznas 11 +Zzn251‘ +Z(’”2z 1+1)+Z(r21 +1)

s=1t=1 s=1t=1

+Z”2t +Z”2t k- l)(

t=1

)+z+l 1,

m-—2

for 1< <k, 1<i<(

).

The edge weights under this labeling scheme constitute a
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1a0
1s7  4ma 101 463 4es pGT 105 471 T2 473 aFd 175 170 ITFAFE AT
15E G0 192 4oy G IEE 1Td

1

)

am

E3 AT g8 ad az

Figure 2: RT(6;n, ;;1,;4) for 1<i<8, I<j<r
7 2% Ty
sequence  of ZZn,j+Z(2r+l)+k(m 1)-2 222}1”+3Zr +22n2€ y +2km+2k 1.
=1 j=1 s=1 t=1 s=1 t=1

number of consecutive integers

{Zznzs 1t +Z(”2t 1 +1)"‘Z”2t

Now, we give a corollary which explalns the relationship
between the reflexive w-graphs and reflexive w-trees.

s=1 =1 Corollary 1. For k=0, the reflexive w-tree
RT (m;n, ;;1,;0), is the same as the reflexive w-graph
2, n + >+ D)+ D> r, +k +3,
;; 2s5-1t z(2tl ) Zm ( ) RW (msn, ;i1;), for 1<i<2, 1<j<r.
Example 1. The super edge magic total labeling of the
n, + e, + )1+ r+—+km+k 1 ,
;; ;;: 251y Z Z J reflexive  w-tree  RT(6;m, ;;1,34)  for  1<i<8,

.Hence by Lemma 1, the graph RT (m n ,,k) is super 1< j<r, is presented in the figure 2. Here m =6 and

edge magic total with magic constant k=4.
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h 3 Ry Ry Ry 54,2

r, 4 Ty sy Ty My 7,5,3,4

7, 5 gy s s Mg, Fay, Flss 3,5,3,2,6
r4 2 Nyps Ny 6,4

s |=4) Ngy s sy, Hsyy sy = 3,5,2,4

7 4 Mgy > Mgy s Ny s Mgy 7,6,2,4

r 3 Ngy5 7y, N3 3,5,4

7 6 || ngy, Mgy, Mgy, Mgy Ngs, Mg 10,4,5,5,4,10

The edge weights form the sequence {101,102,103,,330}
and hence by Lemma 1, this labeling can be extended to the

super edge magic total labeling with magic constant 562 .

3 CONCLUDING REMARKS

In this paper, we constructed new class of trees referred as
reflexive w-trees. These graphs are constructed using w-trees
introduced by Javaid et al. [10]. We studied the SEMT
labeling of these graphs. It is an intresting and challenging
problem to study the SEMT labeling of trees due to the
conjecture by Enomoto et al. [3], which states that all trees
are super edge magic total. We invite the readers to
investigate

® The SEMT labeling of all trees and give a general proof.

® The SEMT labeling of disjoint union of reflexive w-trees.

e The SEMT labeling of disjoint union of stars and
reflexive w-trees.

® The SEMT labeling of one vertex amalgamation of k
copies of reflexive w-trees.
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