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ABSTRACT. Kotzig and Rosa [17] defined a magic labeling λ on a graph G to be a bijective mapping that 
assigns the integers from 1 to p+q to all the vertices and edges such that the sums of the labels on an edge 
and its two endpoints is constant for each edge. Ringel and Lladó [20] redefined this type of labeling as 
edge-magic. Recently, Enomoto et al. [6] introduced the name super edge-magic for magic labelings 
defined by Kotzig and Rosa, with an additional property that the vertices receive the smallest labels. That 
is, λ(V (G)) = {1,2,3,...,p}. 
If the domain of a labeling λ is the set of all vertices and edges of the graph G, then such labeling is called 
total labeling. The labelings which we study in this paper, have another property that, the weight ω(xy)  
xy  E(G), calculated as; ω(xy) = λ(x) + λ(y) + λ(xy), is equal to a fixed constant k, called the magic 
constant or sometimes the valence of λ. A graph is called super edge-magic total (SEMT) if it admits a 
super edge-magic total labeling. In this paper, we construct new families of trees (using w-trees [15]), 
referred as reflexive w-trees and prove that they are super edge magic total. It is a classical problem to 
construct new classes of super edge magic total graphs using old ones. 
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INTRODUCTION AND PRELIMINARY RESULTS 
Let G(V,E) be a finite, simple and undirected graph with |V 
(G)| = p and |E(G)| = q. Kotzig and Rosa [17]  defined a 
magic labeling λ on a graph G to be a bijective mapping that 
assigns the integers from 1 to p+q to all the vertices and 
edges such that the sums of the labels on an edge and its two 
endpoints is constant for each edge. Ringel and Lladó [20] 
redefined this type of labeling as edge-magic. Recently, 
Enomoto et al. [6] introduced the name super edge-magic for 
magic labelings defined by Kotzig and Rosa, with an 
additional property that the vertices receive the smallest 
labels. That is, λ(V (G)) = {1,2,3,...,p}. 
If the domain of a labeling λ is the set of all vertices and 
edges of the graph G, then such labeling is called total 
labeling. The labelings which we study in this paper, have 
another property that, the weight ω(xy)  xy  E(G), 
calculated as; ω(xy) = λ(x) + λ(y) + λ(xy), is equal to a fixed 
constant k, called the magic constant or sometimes the 
valence of λ. A graph is called super edge-magic total 
(SEMT) if it admits a super edge-magic total labeling. Some 
labelings have only the vertex-set (edge-set) as their domain, 
such labelings are called vertex-labelings (edge-labelings). 
Other domains for the labeling λ are also possible. There are 
many types of graph labelings, for example, harmonius, 
cordial, graceful, equitable, multilevel, distance, antimagic, 
etc. 
A number of classification problems on SEMT labelings of 
connected graphs have been investigated. Figueroa-Centeno 
et al. [8] proved the following: 
• If G is a bipartite or tripartite (super) edge-magic graph, 
then nG is (super) edge-magic when n is odd. 
• If m is a multiple of n + 1, then K1, m  K 1, n is super edge-
magic. 
• K1, 2  K1, n is super edge-magic if and only if n is a 

multiple of 3. 
• Pm  K1,n is super edge-magic when m ≥ 4. 
• 2Pn is super edge-magic if and only if n is not 2 or 3. 
• K1,m  2nK2 is super edge-magic for all m and n. 
Figueroa-Centeno et al. [11] conjectured that Cm  Cn is 
super edge-magic if and only if m+n ≥ 9 and m+n is odd. 
Baskoro and Ngurah [5] showed that nP3 is super edge-
magic for n ≥ 4 and n even. Lee and Kong [18] use the 
notation St(a1 ,a2 ,...,an ) to denote the disjoint union of the n 
stars St(a1), St(a2), ..., St(an) of order a1+1, a2+1, ..., an+1, 
respectively. They proved the following graphs to be super 
edge-magic: 
• St(m,n) where n ≡ 0 mod (m + 1). 
• St(1,1,n), St(1,2,n), St(1,n,n), St(2,2,n), 
St(2,3,n),St(1,1,2,n) for n ≥ 2. 
Lee and Kong in the same paper, conjectured that St(a1 , a2 , 
..., an) is super edge-magic when n(> 1) is odd. It is known 
that if a graph G(p,q) is super edge-magic, then q ≤ 2p − 3 
[6]. This bound can be improved for bipartite graphs of order 
p ≥ 4, to be q ≤ 2p−5 [19]. For more results concerning 
edge-magic total labelings, see [4,9,10] and a complete 
Gallian’s survey paper [12]. Javaid et al. [15] studied the 
SEMT labeling of w-graph (W(n)) and w-tree (WT(n,k)). 
They defined a w-graph W(n) to be a graph obtained by 
amalgamating a vertex from two stars 2St(n + 3). 
In the proofs of the upcoming theorems, the summation of 

type i
i

f∑
0

1=

 will be considered as 0. The theorems in this 

paper are proved using the lemma proposed by Figueroa et 
al. [7], stated below. 
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Lemma 1. A (p,q) graph G is super edge-magic total if and 
only if there exists a bijection λ : V (G) → {1,2,··· ,p} such 
that the set of edge weights S = {λ(x) + λ(y) | xy �  E(G)} 
consists of q consecutive integers. In such a case, λ extends 
to a super edge-magic total labeling of G with magic 
constant k = p + q + s, where s = min(S) and 
S = {k − (p + 1), k − (p + 2), k − (p + 3),..., k − (p + q)}. 
 
2  MAIN RESULTS 
In this section, we will study super edge magic total (SEMT) 
labeling of reflexive w-trees which are constructed from the 
generalized w-graphs defined below. 
Definition 1. A generalized w-graph ),( 1, rnW j , for 

rj ≤≤1  and +∈Zr , is a graph obtained from a 

sequence of r  stars, each of order 21, +jn , by 

amalgamating a single vertex of the thj -star with a vertex 

of the stj 1)( + -star, for rj ≤≤1 -1. 

Definition 2. A reflexive w-graph );;( , iji rnmRW , for 

21 ≤≤ i  and irj ≤≤1 , is a graph obtained by joining two 

copies of generalized w-graph ),( 1, rnW j , with a path 

221 ,,, −myyy K , by adding the edges 111yc  and 221 −myc  
(see Figure 2). 
In the first theorem, we prove that the reflexive w-graphs 
admit super edge magic total labelig. 
Theorem 1.  The graph );;( , iji rnmRWG ≅ , for 

21 ≤≤ i , irj ≤≤1  and +∈Ziji rnm ,, , , is super edge-
magic total. 
Proof. The graph );;( , iji rnmRWG ≅ , for 21 ≤≤ i , 

irj ≤≤1 , is of order ,)2( 21
1=

2

1=
mrrnij

ir

ji
+++∑∑  and size 

1.)2( 21
1=

2

1=
−+++∑∑ mrrnij

ir

ji

 The vertex set of 

);;( , iji rnmRW  is defined as: 

}2,11

:{1}12,1:{=)( ,,

i

jiiji

rji

crjibGV

≤≤≤≤

∪+≤≤≤≤
 

}1,2,11:{ , lil
l
ti ntrilx ≤≤≤≤≤≤∪   

     2}1:{ −≤≤∪ miyi . 

 

 

 
 

Figure  2:  );;( , iji rnmRW , for  21 ≤≤ i ,  irj ≤≤1  
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The edge set of G is defined as: 
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We define the labeling of );;( , iji rnmRW  by the function 

})2(,{1,2,)(: 21
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1=
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ir

ji
+++→ ∑∑  

in two cases depending upon the order 2−m  of the path 

iy  as follows: 
Case 1: When m  is odd. 
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The edge weights under this labeling scheme forms a 

sequence of 1)2( 21
1=
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1=
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 number of 

consecutive integers 
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So, by Lemma 1, the labeling f  admits super edge magic 
total labeling, where the magic constant in this case is  
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Case 2: When m  is even. 
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The edge weights under this labeling scheme constitute a 
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k
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Hence by Lemma 1, the labeling f  can be extended to the 
super edge-magic total labeling, with magic constant in this 
case  
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ow, we define a graph constructed by k  copies of the 
reflexive w-graph, and we will prove in the next theorem 
that this graph is also super edge magic total. 

Definition 3. The reflexive w-tree );;;( , krnmRT iji , for 

ki 21 ≤≤ , irj ≤≤1 , is a graph obtained by joining k  

isomorphic copies of );;( , iji rnmRW  with new vertices 

ia ( 11 −≤≤ ki ) by adding the edges 12,2 +iriiba  (or 

iriica
2,2 ) and 121,2 ++ iriiba  for 11 −≤≤ ki . 

Theorem 2. The graph ,);;;( , krnmRTG iji≅
 

for 

ki 21 ≤≤ , irj ≤≤1  and ,,,, ,
+∈Zkrnm iji is super 

edge-magic total. 
Proof. The vertex and edge sets of );;;( , krnmRTG iji≅  
are defined as follows: 
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We define the labeling of );;;( , krnmRT iji   
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in two cases depending upon the order 2−m  of the path 
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Case 1: When m  is odd. 
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Case 2: When m  is even. 
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Figure  2:  ;4);(6; , iji rnRT  for  81 ≤≤ i ,  irj ≤≤1  
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Now, we give a corollary which explains the relationship 
between the reflexive w-graphs and reflexive w-trees. 

Corollary 1. For 0=k , the reflexive w-tree 
;0);;( , iji rnmRT , is the same as the reflexive w-graph 

);;( , iji rnmRW , for 21 ≤≤ i , irj ≤≤1 . 

Example 1. The super edge magic total labeling of the 
reflexive w-tree ;4);(6; , iji rnRT  for 81 ≤≤ i , 

irj ≤≤1 , is presented in the figure 2. Here 6=m  and 

4=k . 
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The edge weights form the sequence {101,102,103,,330} 
and hence by Lemma 1, this labeling can be extended to the 
super edge magic total labeling with magic constant 562 .  
 
3  CONCLUDING REMARKS 
In this paper, we constructed new class of trees referred as 
reflexive w-trees. These graphs are constructed using w-trees 
introduced by Javaid et al. [10]. We studied the SEMT 
labeling of these graphs. It is an intresting and challenging 
problem to study the SEMT labeling of trees due to the 
conjecture by Enomoto et al. [3], which states that all trees 
are super edge magic total. We invite the readers to 
investigate 

•  The SEMT labeling of all trees and give a general proof. 
•  The SEMT labeling of disjoint union of reflexive w-trees. 
•  The SEMT labeling of disjoint union of stars and 

reflexive w-trees. 
•  The SEMT labeling of one vertex amalgamation of k  

copies of reflexive w-trees. 
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